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In general, a frequency standard will have a nominally constant frequency output, v,. The lack
of constancy, the frequency instability, can be measured in the frequency-domain or the time-
domain. The conversion from frequency-domain measures to time-domain measures utilizes
an integral equation. For example, Dr. Leonard S. Cutler originally (1972) derived the following
for the time-domain variance known as the Allan variance:
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In practice, the integral over the power spectral density (PSD), Sy} of the normalized
frequency, v, is from zero (0) to the high-frequency cutoff (fa} of the measurement system
employed, where f is the Fourier frequency. A commonly used frequency-domain measure is

script L(f) = £ (f), the one-sided PSD of the phase fluctuations given by Sqa(f}, where @ isthe

residual phase deviation from a reference phase. Therefore, £L(f) =% S one may derive
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v 2777 and SelH = (27v,)? Sx(f). where x is the residual time deviation. Using

the above equations, one may also write the following:
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Now the typical five power-law spectral density models often utilized in time and frequency
metrology are Sy f% a= —=2,-1,0,+1L,+2  pgps are usually represented in a log-log
plot, then the exponent a is the straight-line slope. As will be shown later, there are some
simple equations that provide values for the frequency-domain measures as a function of the
time-domain measures and vice-versa. However, in general, the time-domain measures cannot
be integrated to obtain the frequency-domain measures. The above are the equations for
AVAR. The following are the definitions and equations for the Modified Allan variance, MVAR,
and for the Time variance, TVAR. The square roots of these three variances are commonly
designated ADEV, MDEV, and TDEV, respectively.

For analyzing a time series of time deviations, x(t), (t = m t, with t, being the data acquisition
spacingand m=0, 1, 2, 3, etc. up to the data length, M) AVAR may be written as follows:
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where the averaging time is t. The A? is the second finite-difference operator -- operating on x.
The angle brackets {=} indicate that a time average is taken over the square of all the data
available for this second-difference operating on x. For T = nt,, the m™ value of y is given by ym
= (Xm — Xm-n)/T, and the m™ second-finite difference of the time differences between the clocks
for the time interval T may be written A%Xm = Xms2n - 2Xm+n — Xm.-



